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This paper is devoted to studying the existence and asymptotic behavior of solutions to
a nonlinear parabolic equation of fourth order: ut +∇ · (|∇u|p−2∇u) = f (u) in Ω ⊂RN
with boundary condition u = u = 0 and initial data u0. The substantial diﬃculty is
that the general maximum principle does not hold for it. The solutions are obtained for
both the steady-state case and the developing case by the ﬁxed point theorem and the
semi-discretization method. Unlike the general procedures used in the previous papers
on the subject, we introduce two families of approximate solutions with determining the
uniform bounds of derivatives with respect to the time and space variables, respectively. By
a compactness argument with necessary estimates, we show that the two approximation
sequences converge to the same limit, i.e., the solution to be determined. In addition,
the decays of solutions towards the constant steady states are established via the entropy
method. Finally, it is interesting to observe that the solutions just tend to the initial data u0
as p → ∞.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
The parabolic equations of fourth order with the following forms
ut +
(
upuxxx
)
x = 0, (1)
ut +
(
u(logu)xx
)
xx = 0, (2)
ut +
(
ul|uxxx|p−2uxxx
)
x = 0 (3)
have drawn a great interest in recent years. Eq. (1) appears in the description of the motion of a very thin layer of viscous
in compressible ﬂuids along an inclined plane where the function u represents thickness of the ﬁlm [2,13]. The existence of
solutions in some Hölder continuous spaces to (1) was established by Bernis and Friedman [2], and the large time behavior
of solutions was lately addressed in [5,6] by means of the entropy function method. Eq. (2) arises in the study of interface
ﬂuctuations in spin systems [3] and in quantum semiconductor modeling [9]. The global existence of nonnegative weak
solutions to (2) under measurable initial data was proved in [9]. It was manifested in [10] by applying the iteration method
that the solutions of (2) decay exponentially to the constant steady state in L1 norm as t → ∞. Eq. (3), a generalized thin
ﬁlm equation in [11], becomes the Cahn–Hilliard equation [4] when p = 2, l = 0. It is relevant to capillary driven ﬂows
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B. Liang, S. Zheng / J. Math. Anal. Appl. 348 (2008) 234–243 235of thin ﬁlms of power-law ﬂuids. In [15], the existence and uniqueness of solutions to (3) with l = 0 was established by
employing the difference and variation methods. Formally, Eqs. (1) and (3) (l = 0) could be considered as the fourth-order
versions of the second-order nonlinear diffusion equation and the p-Laplace equation, respectively.
The goal of the paper is to study the existence and asymptotic behavior of solutions to the nonlinear fourth-order
parabolic equation: ut + ∇ · (|∇u|p−2∇u) = f (u) in Ω ⊂ RN with boundary condition u = u = 0 and initial data u0.
Contrary to the general procedures used in the previous papers on the subject (see, e.g., [15]), we will introduce two families
of approximate solutions with determining the uniform bounds of partial derivatives with respect to the time and space
variables, respectively. By a compactness argument with necessary estimates, we will show that the two approximation
sequences converge to the same limit, i.e., the solution to be determined. The methods of this paper may be helpful to
prove the existence of solutions to the problem (3). The asymptotic analysis of the solutions is studied as well for the
one-dimensional case of N = 1, which relies on the entropy dissipation techniques. An explicit time decay expression is
obtained. As for another kind of asymptotic behavior of solutions, it is interesting to observe that the solutions will just
tend to the initial data as p → ∞.
It is pointed out that the fourth-order problems do not admit the usual comparison principle. So the methods used for
the p-Laplace equation are not valid here any more. We have to rely on a series of appropriate a prior estimates in order to
obtain the existence and asymptotic behavior of solutions. For convenience, we introduce some notations in the paper:
B1
def= {u ∈ W 1,p0 (Ω) ∩ W 2,p(Ω) ∣∣u ∈ W 1,p0 (Ω)},
B2
def= {u ∈ H10(Ω) ∩ W 1,p0 (Ω) ∩ W 2,p(Ω) ∣∣u ∈ W 1,p0 (Ω)},
p′ def= p
p − 1
(
i.e.
1
p′
+ 1
p
= 1
)
,
p∗ def=
⎧⎪⎨
⎪⎩
Np
N−p , p < N,
q ∈ (N,+∞), p = N,
+∞, p > N.
At ﬁrst consider the steady-state problem of the model:
∇ · (|∇u|p−2∇u)= f (u) in Ω, (4)
u = u = 0 on ∂Ω, (5)
where Ω is an open, bounded domain in RN with ∂Ω ∈ C1 and p > 1. The weak solution is deﬁned as follows.
Deﬁnition 1.1. A function u ∈ W 1,p0 (Ω) ∩ W 2,p(Ω) with u ∈ W 1,p0 (Ω) and f (u) ∈ Lp
′
(Ω) is called a weak solution of
(4)–(5) if
−
∫
Ω
|∇u|p−2∇u∇ϕ dx =
∫
Ω
f (u)ϕ dx (6)
holds for each ϕ ∈ W 1,p0 (Ω).
The following existence theorem of the stationary solutions will play an important role to treat the transient problem.
Theorem 1. Suppose there are positive constants M1,M2 and m such that | f (s)|  M1|s|m + M2 , where either m < pp′ , or m  pp′
with M1 small enough. Then there exists a weak solution of (4)–(5).
Remark 1.1. The conclusion of the theorem can be extended to the case f = f (x,u) in (4) without diﬃculties.
The proof of the theorem is based on the functional minimizer method (see [7]) and a ﬁxed point argument (see [8]).
When f = f (x) in (4), we introduce a functional I[·] (deﬁned by (19)). We will illuminate that the minimum of the func-
tional is just the solution we search (Lemma 2.1). For Eq. (4) with f = f (u), we could obtain the existence result by
Leray–Schauder’s ﬁxed point theorem with necessary a prior estimates.
The main interest of the paper is to study the developing case of the model:
ut + ∇ ·
(|∇u|p−2∇u)= f (u) in Q T , (7)
u = u = 0 on Γ, (8)
u(x,0) = u0(x) on Ω, (9)
where Q T = Ω × (0, T ), Γ = ∂Ω × (0, T ), p > 1. The weak solution of (7)–(9) is deﬁned as follows.
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(i) u ∈ C([0, T ]; L2(Ω)) ∩ Lp(0, T ;W 1,p0 (Ω)), u ∈ Lp(0, T ;W 1,p0 (Ω)), f (u) ∈ Lp
′
(Q T ), ∂u∂t ∈ Lp
′
(0, T ;W−1,p(Ω)), u(x,0) =
u0(x) in Ω;
(ii) For each ϕ ∈ Lp(0, T ;W 1,p0 (Ω)),
T∫
0
〈
∂u
∂t
,ϕ
〉
dt =
T∫
0
∫
Ω
|∇u|p−2∇u∇ϕ dxdt +
T∫
0
∫
Ω
f (u)ϕ dxdt, (10)
where and in the sequel denote by 〈·,·〉 the pairing between W−1,p′ (Ω) and W 1,p0 (Ω).
We will semi-discrete (7) in time t and solve the related nonlinear fourth-order elliptic problem. Based on the semi-
discrete problem, we construct the corresponding approximate solutions. The key procedure is to establish necessary energy
estimates for ﬁnding the limit of the approximate solutions via a compactness argument.
Theorem 2. Assume the conditions of Theorem 1 hold with u0 ∈ H10(Ω) ∩ W 1,p0 (Ω), u0 ∈ W 1,p0 (Ω), f (·) ∈ C(R1). Then there
exists a weak solution of (7)–(9). In addition, the solution is unique with f (s) = ks (k > 0).
To understand the long time behavior of the solutions, introduce an entropy functional related to (7)–(9) with N = 1,
p  2:
E(t) =
∫
Ω
u2x dx, with E(0) =
∫
Ω
u20x dx. (11)
A simple computation gives the entropy dissipation ∂t E(t)−C E p2 (t) (see [6,12]) with C > 0 independent of t . It is obvious
to check that 0 is a constant steady state solution of (7)–(9) if f (0) = 0. We will show that u → 0 in H1(Ω) as t → ∞.
Theorem 3. Let u be a weak solution of (7)–(9) with N = 1, Ω = (0,1), u0 ∈ H1(Ω) and | f (s)| |s|
p
p′ . Then
‖u‖H1(Ω)  2
[
δ
(
p − 2
2
)
t + E(0) 2−p2
] 2
2−p
if p > 2, (12)
‖u‖H1(Ω)  2E(0)e−δt if p = 2. (13)
Though the case of 1 < p < 2 is not considered in Theorem 3, it is easy to know the exponential convergence for the
following regularized equation
ut +
((|uxxx|p−2 + θ)uxxx)x = f (u) in Q T (14)
with any p > 1 and θ > 0.
Theorem 4. Let u be a weak solution of (14), (8), (9), with N = 1, Ω = (0,1), u0 ∈ H1(Ω), f (s) |s|
p
p′ . Then
‖u‖H1(Ω)  2E(0)e−2θt . (15)
The last theorem of the paper below is contributed to another kind of asymptotic behavior of solutions to (7)–(9) as
p → ∞.
Theorem 5. Let up be a weak solution of (7)–(9) with N = 1, Ω = (0,1), upt ∈ Lp(0, T ;W 3,p(Ω)), ‖u0xxx‖L∞(Ω)  C, f ≡ 0. Then
lim
p→∞‖up − u0‖L2(0,T ;H1(Ω)) = 0. (16)
The paper is arranged as follows. We will prove the existence theorems at ﬁrst for the steady state in Section 2, and then
for the developing case in Section 3. The two kinds of asymptotic behaviors of solutions for t → ∞ and p → ∞ respectively
will be established in Section 4.
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Consider the steady-state problem with a linear source f (x) ∈ Lp′(Ω) at ﬁrst:
∇ · (|∇u|p−2∇u)= f (x) in Ω, (17)
u = u = 0 on ∂Ω. (18)
With the linear source f (x) and u ∈ B1, introduce a functional
I[u] = 1
p
∫
Ω
|∇u|p dx+
∫
Ω
fu dx, (19)
for the problem.
Lemma 2.1. There exists a weak solution u ∈ B1 of (17)–(18) satisfying
−
∫
Ω
|∇u|p−2∇u∇ψ dx =
∫
Ω
f (x)ψ dx, (20)
for any ψ ∈ B1 .
Proof. By using Hölder’s and Young’s inequalities with the embedding theorem [1], we have∣∣∣∣
∫
Ω
fu dx
∣∣∣∣ ‖ f ‖Lp′ (Ω)‖u‖Lp(Ω)  C‖ f ‖Lp′ (Ω)‖∇u‖Lp(Ω)  ε‖∇u‖pLp(Ω) + C‖ f ‖p′Lp′ (Ω). (21)
Here and throughout the paper, C is denoted as a positive constant independent of solutions (or related approximation
solutions), and may change from line to line. The deﬁnition (19) implies
−C  inf
v∈B1
I[v] I[0] = 0.
Hence, we can seek a minimizing sequence {uk}∞k=1 ⊂ B1 such that
I[uk] → inf
v∈B1
I[v] (k → ∞). (22)
Combining (21) with (22) gives
‖∇uk‖Lp(Ω)  C .
By Poincaré’s inequality and the Lp estimates of the second-order elliptic equation,
‖uk‖W 2,p(Ω)  C‖uk‖Lp(Ω)  C‖∇uk‖Lp(Ω)  C . (23)
Therefore, there exists a subsequence of {uk} and u ∈ B1 such that
uk ⇀ u weakly in W
1,p
0 (Ω) ∩ W 2,p(Ω),
uk ⇀u weakly in W
1,p
0 (Ω).
It is easy to check that I[·] is weakly lower semi-continuous on B1, and so
I[u] lim inf
k→∞
I[uk] = inf
v∈B1
I[v],
which means that u is a minimizer of I[·], namely,
I[u] = inf
v∈B1
I[v].
This guarantees that u is a weak solution of (17)–(18). 
Now consider the steady-state problem (4)–(5) with nonlinear source f (u).
Lemma 2.2 (A prior estimate). Let u ∈ B1 be a weak solution to (4)–(5). Then ‖u‖B1  C.
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Ω
|∇u|p dx = −
∫
Ω
f (u)u dx
∥∥ f (u)∥∥Lp′ (Ω)‖u‖Lp(Ω)  C∥∥ f (u)∥∥Lp′ (Ω)‖∇u‖Lp(Ω)
 1
4
‖∇u‖pLp(Ω) + C
∥∥ f (u)∥∥p′
Lp′ (Ω). (24)
By applying Minkowski’s, Holder’s and Young’s inequalities, we have
C
∥∥ f (u)∥∥p′
Lp′ (Ω)  C
∫
Ω
(
M1|u|m + M2
)p′
dx CMp
′
1
∫
Ω
|u|mp′ dx+ C  1
4
∫
Ω
|∇u|p dx+ C, (25)
and hence
∫
Ω
|∇u|p  C by (24)–(25). Furthermore, similar to the proof for (23), we arrive at ‖u‖B1  C . 
Next we show with Leray–Schauder’s ﬁxed point theorem that the problem (4)–(5) admits a weak solution in B1 claimed
by Theorem 1.
Proof of Theorem 1. Letting w ∈ Lp∗(Ω) and σ ∈ [0,1], we know by Lemma 2.1 that the problem
∇ · (|∇u|p−2∇u)= σ f (w) in Ω,
u = u = 0 on ∂Ω
has a weak solution. Thus the following ﬁxed point operator
T : [0,1] × Lp∗(Ω) → Lp∗(Ω),
(σ ,w) → u
is well deﬁned with T (w,0) = 0 for w ∈ Lp∗(Ω). For all w ∈ Lp∗(Ω) satisfying T (w, σ ) = w , we can prove ‖w‖B1  C
as that in the proof of Lemma 2.2, where C > 0 is independent of w and σ . With the help of the compact embedding
B1 ↪→ Lp∗(Ω), T is continuous and compact. Leray–Schauder’s ﬁxed point theorem ensures a solution of (4)–(5). 
3. Developing case
To prove Theorem 2, we will recursively solve the following semi-discrete problem
1
h
(uk − uk−1) + ∇ ·
(|∇uk|p−2∇uk)= f (uk−1) in Ω, (26)
uk = uk = 0 on ∂Ω, (27)
where uk = u(x,kh), h = Tn , and k = 1,2, . . . ,n. Throughout this section, we always assume that the conditions in Theorem 2
are satisﬁed.
Lemma 3.1. There exists a unique weak solution uk ∈ B1 of (26)–(27) satisfying
1
h
∫
Ω
|∇uk|2 dx+
∫
Ω
|∇uk|p dx 1h
∫
Ω
|∇uk−1|2 dx+ 12
∫
Ω
|∇uk−1|p dx+ C, (28)
∫
Ω
|∇ui |2 dx+ h2
i∑
k=1
∫
Ω
|∇ui |p dx+ h2
∫
Ω
|∇ui |p dx
∫
Ω
|∇u0|2 dx+ h
2
∫
Ω
|∇u0|p dx+ CT , (29)
for k, i = 1,2, . . . ,n.
Proof. Proceeding as in Section 2, we can show that there exists a weak solution uk ∈ B2 satisfying
1
h
∫
Ω
∇(uk − uk−1)∇ψ dx+
∫
Ω
|∇uk|p−2∇uk∇ψ dx = −
∫
Ω
f (uk−1)ψ dx (30)
or
−1
h
∫
(uk − uk−1)ψ dx+
∫
|∇uk|p−2∇uk∇ψ dx = −
∫
f (uk−1)ψ dx, (31)Ω Ω Ω
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1
h
∫
Ω
|∇uk|2 dx+
∫
Ω
|∇uk|p dx = 1h
∫
Ω
∇uk∇uk−1 dx−
∫
Ω
f (uk−1)uk dx
 1
2h
∫
Ω
|∇uk−1|2 dx+ 12h
∫
Ω
|∇uk|2 dx−
∫
Ω
f (uk−1)uk dx.
As the proof for (24) and (25), we can prove that
−
∫
Ω
f (uk−1)uk dx
1
2
∫
Ω
|∇uk|p dx+ C
∥∥ f (uk−1)∥∥p′Lp′ (Ω)  12
∫
Ω
|∇uk|p dx+ 14
∫
Ω
|∇uk−1|p dx+ C
and thus, (28) holds.
It follows from (28) for i ∈ {1, . . . ,n} that
1
h
i∑
k=1
∫
Ω
|∇uk|2 dx+
i∑
k=1
∫
Ω
|∇uk|p dx
i∑
k=1
1
h
∫
Ω
|∇uk−1|2 dx+ 12
i∑
k=1
∫
Ω
|∇uk−1|p dx+ iC . (32)
Noticing ih T , we obtain (29) from (32).
Now we show the uniqueness of uk for given uk−1. Assuming v1 and v2 are two solutions of (26)–(27), we take (v1 −
v2) as a test function in the difference of the corresponding equations:
1
h
∫
Ω
∇(v1 − v2)2 dx = −
∫
Ω
(|∇v1|p−2∇v1 − |∇v2|p−2∇v2)(∇v1 − ∇v2)dx 0,
namely, v1 = v2 a.e. in Ω . 
The ﬁrst kind of approximate solutions is deﬁned by
w(n)(x, t) =
n∑
k=1
χk(t)uk(x), (33)
where χk(t) is the characteristic function of time interval ((k − 1)h,kh], k = 1, . . . ,n. We need some uniform estimates for
the approximate solutions.
Lemma 3.2. The following uniform estimate is true for the approximate solution (33):
∥∥w(n)∥∥L∞(0,T ;H10(Ω)) +
∥∥w(n)∥∥
Lp(0,T ;W 1,p0 (Ω)) +
∥∥∣∣∇w(n)∣∣p−2∇w(n)∥∥Lp′ (Q T ) + ∥∥ f (w(n))∥∥Lp′ (Q T )  C . (34)
Proof. For any t ∈ (0, T ), there exists some k ∈ {1, . . . ,n} such that t ∈ ((k − 1)h,kh]. We obtain from (33)
∥∥∇w(n)(x, t)∥∥2L2(Ω) = ∥∥∇uk(x)∥∥2L2(Ω)  C,
which implies the estimate
∥∥∇w(n)∥∥L∞(0,T ;L2(Ω))  C .
Taking i = n in (29), we have
T∫
0
∫
Ω
∣∣∇w(n)∣∣p dxdt = h n∑
k=1
∫
Ω
|∇uk|p dx C .
The desired Lp
′
-estimate for f (w(n)) can be established as (25). 
Deﬁne the second kind of approximate solutions as follows:
u(n)(x, t) =
n∑
χk(t)
[
λk(t)uk(x) +
(
1− λk(t)
)
uk−1(x)
]
, (35)k=1
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λk(t) =
{
t
h − (k − 1) if t ∈ ((k − 1)h,kh],
0 otherwise.
We need some estimates for the approximate solution (35).
Lemma 3.3. The following uniform estimates hold for u(n) in (35):∥∥∥∥∂u(n)∂t
∥∥∥∥
Lp′ (0,T ;W−1,p′ (Ω))
+ ∥∥u(n)∥∥L∞(0,T ;H10(Ω))  C . (36)
Proof. Since
∂u(n)
∂t
= 1
h
n∑
k=1
χk(uk − uk−1) (37)
due to (35), we obtain
T∫
0
∥∥∥∥∂u(n)∂t
∥∥∥∥
p′
W−1,p′ (Ω)
dt 
T∫
0
∣∣∣∣
〈
∂u(n)
∂t
,ψ
〉∣∣∣∣
p′
dt
 C
T∫
0
∣∣∣∣∣
n∑
k=1
χk(t)
∫
Ω
|∇uk|p−2∇uk∇ψ dx
∣∣∣∣∣
p′
dt + C
T∫
0
∣∣∣∣∣
n∑
k=1
χk(t)
∫
Ω
f (uk−1)ψ dx
∣∣∣∣∣
p′
dt
 C
∥∥∇w(n)∥∥pLp(Q T ) + C∥∥ f (uk−1)∥∥Lp′ (Q T )
 C,
for any ψ ∈ W 1,p0 (Ω) with ‖ψ‖W 1,p0 (Ω)  1.
It follows from the deﬁnition of u(n) and (29) that
∥∥u(n)∥∥q
Lq(0,T ;H10(Ω))  C
q
T∫
0
(∫
Ω
∣∣∇u(n)∣∣2 dx)
q
2
dt
= Cq
T∫
0
(∫
Ω
∣∣∣∣∣
n∑
k=1
χk(t)
[
λk(t)∇uk(x) +
(
1− λk(t)
)∇uk−1(x)]
∣∣∣∣∣
2
dx
) q
2
dt
= Cq
n∑
k=1
(kh)∫
(k−1)h
(∫
Ω
∣∣[λk(t)∇uk(x) + (1− λk(t))∇uk−1(x)]∣∣2 dx
) q
2
dt
 Cq
n∑
k=1
h
(∫
Ω
(∣∣∇uk(x)∣∣2 + ∣∣∇uk−1(x)∣∣2)dx
) q
2
 Cq+
q
2 T
with C > 0 independent of q > 1, and thus
∥∥u(n)∥∥L∞(0,T ;H10(Ω)) = limq→∞
∥∥u(n)∥∥Lq(0,T ;H10(Ω))  C . 
Proof of Theorem 2. According to the energy estimates (34), there exists a subsequence of w(n) (still denoted by itself) and
a function v ∈ Lp′(Q T ) such that
w(n)
∗
⇀ u weakly∗ in L∞
(
0, T ; H10(Ω)
)
,
w(n) ⇀u weakly in Lp
(
0, T ;W 1,p0 (Ω)
)
,∣∣∇w(n)∣∣p−2∇w(n) ⇀ v weakly in Lp′ (Q T ),
B. Liang, S. Zheng / J. Math. Anal. Appl. 348 (2008) 234–243 241as n → ∞. We choose a big integer r > 0 such that W−1,p′(Ω) ↪→ H−r(Ω). From Aubin’s lemma [14], and the embedding
H10(Ω)
compact
↪→ L2(Ω) ↪→ H−r(Ω) with the uniform estimate (36), we infer the existence of a subsequence of u(n) (not
relabeled) such that, as n → ∞,
∂u(n)
∂t
⇀
∂ρ
∂t
weakly in Lp
′(
0, T ;W−1,p′ (Ω)),
u(n)
∗
⇀ρ weakly* in L∞
(
0, T ; H10(Ω)
)
,
u(n) → ρ strongly in C([0, T ]; L2(Ω))
u(n) → ρ a.e. in Q T .
From the deﬁnitions of u(n) and w(n) with (31), we have, for any ϕ ∈ C∞0 (Q T ),∣∣∣∣∣
T∫
0
∫
Ω
(
w(n) − u(n))ϕ dxdt
∣∣∣∣∣=
∣∣∣∣∣
T∫
0
∫
Ω
n∑
k=1
χk(t)
(
1− λk(t)
)
(uk − uk−1)ϕ dxdt
∣∣∣∣∣

n∑
k=1
T∫
0
χk(t)h
(∣∣∣∣
∫
Ω
|∇uk|p−2∇uk∇ϕ dx
∣∣∣∣+
∣∣∣∣
∫
Ω
f (uk−1)ϕ dx
∣∣∣∣
)
dt
 h
T∫
0
(∣∣∣∣
∫
Ω
∣∣∇w(n)∣∣p−2∇w(n)∇ϕ dx∣∣∣∣+
∣∣∣∣
∫
Ω
f
(
w(n)
)
ϕ dx
∣∣∣∣+
∣∣∣∣
∫
Ω
f (u0)ϕ dx
∣∣∣∣
)
dt
 Ch → 0 as n → ∞.
It follows that ρ = u a.e. in Q T , and so f (w(n)) → f (u) a.e. in Q T due to the continuity of f . Together with the estimate
‖ f (w(n))‖Lp′ (Q T ) < ∞ by Lemma 3.2, we conclude
f
(
w(n)
)
⇀ f (u) weakly in Lp
′
(Q T ).
Applying (31) and (37), we can obtain for any test function ϕ ,
T∫
0
〈
∂u(n)
∂t
,ϕ
〉
dt =
T∫
0
∫
Ω
∣∣∇w(n)∣∣p−2∇w(n)∇ϕ dxdt +
T∫
0
∫
Ω
f
(
w(n)
)
ϕ dxdt
+ h
∫
Ω
f (u0)ϕ(x,0)dx−
T∫
(n−1)h
∫
Ω
f (un)ϕ dxdt,
and hence, by letting n → ∞,
T∫
0
〈
∂u
∂t
,ϕ
〉
dt =
T∫
0
∫
Ω
v∇ϕ dxdt +
T∫
0
∫
Ω
f (u)ϕ dxdt.
It needs to show that v = |∇u|p−2∇u. Choosing u as a test function in (30), integrating by part, and then letting n → ∞,
we have
1
2
∫
Ω
∣∣∇u(x, T )∣∣2 dx− 1
2
∫
Ω
|∇u0|2 dx+
T∫
0
∫
Ω
v∇u dxdt = −
T∫
0
∫
Ω
f (u)u dxdt. (38)
On the other hand, (30) shows that
1
2
∫
Ω
∣∣∇w(n)(x, T )∣∣2 dx− 1
2
∫
Ω
|∇u0|2 dx+
T∫
0
∫
Ω
∣∣∇w(n)∣∣p dxdt
−
T∫
0
∫
Ω
f (w(n))w(n) dxdt − h
∫
Ω
f (u0)u0 dx+
T∫
(n−1)h
∫
Ω
f (un)un dxdt. (39)
Notice that for any test function ϕ and ε > 0,
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0
∫
Ω
(∣∣ζ (n)∣∣p−2ζ (n) − |ηε|p−2ηε)(ζ (n) − ηε)dxdt  0, (40)
where ζ (n) = ∇w(n) and ηε = ∇(u − εϕ). Combining (39)–(40) with n → ∞, we arrive at
1
2
∫
Ω
∣∣∇u(x, T )∣∣2 dx− 1
2
∫
Ω
|∇u0|2 dx−
T∫
0
∫
Ω
∣∣∇(u − εϕ)∣∣p dxdt +
T∫
0
∫
Ω
∣∣∇(u − εϕ)∣∣p−2∇(u − εϕ)∇u dxdt
+
T∫
0
∫
Ω
v∇ϕ dxdt −
T∫
0
∫
Ω
f (u)u dxdt.
In view of (38),
T∫
0
∫
Ω
[∣∣∇(u − εϕ)∣∣p−2∇(u − εϕ) − v]∇ϕ dxdt  0.
Letting ε → 0, we obtain
T∫
0
∫
Ω
[|∇u|p−2∇u − v]∇ϕ dxdt  0,
for any test function ϕ . This concludes |∇u|p−2∇u = v a.e. in Q T . Similarly as in the proof of Lemma 3.1, we can get
the uniqueness easily. 
4. Asymptotic behavior
We deal with the asymptotic behavior of solutions in this section. At ﬁrst consider the long-time behavior of solutions
to prove Theorems 3 and 4.
Proof of Theorem 3. For any x ∈ (0, 12 ], we apply Hölder’s inequality and the boundary value u(0) = 0 to get
|u| =
∣∣∣∣∣
x∫
0
ux dx
∣∣∣∣∣
1
2∫
0
|ux|dx 2−
1
p′
( 1∫
0
|ux|p dx
) 1
p
. (41)
Similarly, for any x ∈ [ 12 ,1), we have,
|u| =
∣∣∣∣∣
x∫
1
ux dx
∣∣∣∣∣
1∫
1
2
|ux|dx 2−
1
p′
( 1∫
0
|ux|p dx
) 1
p
. (42)
Combining (41)–(42) gives
‖u‖L∞(Ω)  2−
1
p′ ‖ux‖Lp(Ω). (43)
Similarly, we have with uxx(0, t) = uxx(1, t) = 0 that
‖uxx‖L∞(Ω)  2−
1
p′ ‖uxxx‖Lp(Ω).
The boundary condition (8) implies that there exists x∗ ∈ (0,1) such that ux(x∗) = 0. Thus
‖ux‖Lp(Ω)  ‖uxx‖Lp(Ω)
by Poincaré inequality, and so
−‖uxxx‖Lp(Ω) −2
1
p′ ‖ux‖Lp(Ω). (44)
Multiplying (7) by uxx , and then integrating on Ω = (0,1), we get
1
2
∂t
∫
u2x dx = −
∫
|uxxx|p dx−
∫
f (u)uxx dx.Ω Ω Ω
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−
∫
Ω
f (u)uxx dx
1
p′
∫
Ω
∣∣ f (u)∣∣p′ dx+ 2−
p
p′
p
∫
Ω
|uxxx|p dx
(
2
− 2p
p′
p′
+ 2
− p
p′
p
)∫
Ω
|uxxx|p dx. (45)
By (44)–(45), a careful computation shows
1
2
∂t
∫
Ω
u2x dx−
(
1− 2
− 2p
p′
p′
− 2
− p
p′
p
)∫
Ω
|uxxx|p dx−2
p
p′
(
1− 2
− 2p
p′
p′
− 2
− p
p′
p
)∫
Ω
|ux|p dx−δ
(∫
Ω
|ux|2 dx
) p
2
with δ = 2
p
p′ (1− 2
− 2p
p′
p′ − 2
− p
p′
p ) > 0. We have shown
∂t E(t)−δE p2 (t).
Consequently,
E(t)
[
δ
(
p − 2
2
)
t + E(0) 2−p2
] 2
2−p
if p > 2,
and
E(t) E(0)e−δt if p = 2.
The proof of Theorem 3 is complete. 
Proof of Theorem 4. Similar to the proof of Theorem 3, we can easily obtain
1
2
∂t
∫
Ω
u2x dx = −
∫
Ω
|uxxx|p dx− θ
∫
Ω
|uxxx|2 dx−
∫
Ω
f (u)uxx dx−θ
∫
Ω
u2x dx, (46)
and hence E(t) E(0)e−2θt . 
Finally study the asymptotic behavior of solutions with p → ∞.
Proof of Theorem 5. Multiply (7) by utxx and then integrate on Q T to get
T∫
0
∫
Ω
|upxt |2 dxdt = −
T∫
0
∫
Ω
|uxxx|p−2uxxxuxxxt dxdt = − 1
p
T∫
0
∫
Ω
∂t
[(
u2xxx
) p
2
]
dxdt  1
p
∫
Ω
|u0xxx|p dx.
Hence we have
T∫
0
∫
Ω
∣∣upx(x, t) − u0x(x)∣∣2 dxdt =
T∫
0
∫
Ω
∣∣∣∣∣
t∫
0
upxτ dτ
∣∣∣∣∣
2
dxdt  T 2
T∫
0
∫
Ω
|upxt |2 dxdt  CT
2
p
.
Letting p → ∞, we can prove the conclusion of the theorem. 
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